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Abstract
We will consider the problem of which the products of composition and analytic Toeplitz operators
would be bounded or compact on the Hardy space H 2 and the Bergman space L2a .
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1. Introduction
Throughout this article, we denote by D the open unit disk in the complex plane, and by
H 2 the classical Hardy space that is the Hilbert space of all analytic functions f on D for
which
‖f ‖H 2 =
(
1
2π
2π∫
0
∣∣f ∗(eiθ )∣∣2 dθ
)1/2
<∞,
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J.S. Choa, S. Ohno / J. Math. Anal. Appl. 281 (2003) 320–331 321where f ∗ is the radial limit function of f . We will always write f (eiθ ) instead of f ∗(eiθ )
for the radial limit. The Bergman space L2a is the Hilbert space of all analytic functions f
on D for which
‖f ‖L2a =
( ∫
D
∣∣f (z)∣∣2 dA(z)
)1/2
<∞,
where dA(z) is the normalized Lebesgue measure on D. Then the two well-known linear
operators are defined on these function spaces. The one is the composition operator Cϕ
induced by composition with an analytic self-map ϕ of D:
Cϕf (z)= f
(
ϕ(z)
)
for z ∈D.
It is a well-known consequence of Littlewood’s subordination principle that every com-
position operator Cϕ is bounded on H 2 and on L2a ; see [4] or [10]. The other is the
bounded-analytic Toeplitz operator (it is the multiplication operator with a bounded an-
alytic symbol). Here we would define it as the generalized form. That is, the analytic
Toeplitz operator Tψ of multiplication by a fixed analytic (not necessarily bounded) func-
tion ψ on D is defined on these function spaces as
Tψf (z)=ψ(z)f (z)
for z ∈ D. Of course, it has been well known that Tψ is bounded on H 2 or on L2a if and
only if ψ ∈H∞ (see [1, Lemma 1] and [11, Section 6.1.3, p. 106], for example). Here and
elsewhere, H∞ denotes the space of bounded analytic functions on D.
In this paper, we will consider the product CϕTψ of composition and analytic Toeplitz
operators on the Hilbert spaces H 2 and L2a . Indeed, we will investigate the boundedness
and compactness of CϕTψ on these spaces. The form CϕTψ is found in Cowen’s paper [3]
which is concerned with the question, posed by Deddens and Wong in 1973, of whether
there is a bounded-analytic Toeplitz operator on H 2 that commutes with a non-zero com-
pact operator. But the operator CϕTψ has never been investigated in detail. It should be
mentioned here that Contreras and Hernández-Díaz [2] have recently given a criterion, by
using an associated pullback measure, for boundedness and compactness of the operator
TψCϕ on Hardy spaces Hp (1  p <∞). Instead, we in this paper will use Nevanlinna
counting function to handle the operator CϕTψ (= Tψ◦ϕCϕ) on H 2 and L2a .
This paper is organized as follows. The next section outlines the prerequisites and in
Section 3 we give necessary and sufficient conditions for CϕTψ to be bounded or compact
on H 2 and on L2a . Finally in Section 4 we consider some examples.
2. Prerequisites
In this section we collect some materials that will be needed for the sequel.
Notations. Throughout the paper, the symbol ϕ is used to denote an analytic self-map of
the open unit disk D. In what follows, the superscript (or the subscript) α is used only for
the values α = 1 or α = 2. The Hardy space H 2 or the Bergman space L2a , is denoted by
Dα such that D1 =H 2 and D2 = L2a . The norm in the space Dα is denoted by ‖ · ‖α .
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We often use the following weighted area integral estimates equivalent to the H 2 and
L2a norms: the Hardy or the Bergman space norm ‖f ‖α (which may be infinite) of an
analytic function f on D is equivalent to(∣∣f (0)∣∣2 + ∫
D
∣∣f ′(z)∣∣2(1− |z|2)α dA(z)
)1/2
. (2.1)
Moreover, this result leads to the change-of-variable formula ([4] and [10])
‖Cϕf ‖2α ≈
∣∣f (ϕ(0))∣∣2 + ∫
D
∣∣f ′(w)∣∣2Nϕ,α(w)dA(w), (2.2)
where Nϕ,α is the generalized Nevanlinna counting function of ϕ defined by
Nϕ,α(w)=
∑
ϕ(z)=w
(
log
(
1/|z|))α, w ∈D \ {ϕ(0)}. (2.3)
Here the symbol “≈” means that the left-hand side is bounded above and below by positive
constant multiples of right-hand side.
2.2. Carleson measures
Our characterizations of boundedness and compactness of CϕTψ involve Carleson mea-
sures. For |ζ | = 1 and δ > 0, let Qδ(ζ )= {z ∈D: |z− ζ |< δ}. A positive measure µ on D
is called a Carleson measure on Dα if
sup
|ζ |=1
µ
(
Qδ(ζ )
)=O(δα).
Moreover, if µ satisfies the additional condition
sup
|ζ |=1
µ
(
Qδ(ζ )
)= o(δα) (δ→ 0),
it is called a vanishing Carleson measure on Dα .
For each a ∈D, let
ka(z)= (1− |a|
2)α/2
(1− a¯z)α
be the normalized reproducing kernel at a for Dα . Then it is well known that µ is a Car-
leson measure on Dα if and only if
sup
a∈D
∫
D
∣∣ka(z)∣∣2 dµ(z) <∞ (2.4)
and also if and only if the inclusion map from Dα into L2(D, dµ) is bounded.
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lim|a|→1
∫
D
∣∣ka(z)∣∣2 dµ(z)= 0 (2.5)
and also if and only if the inclusion map is compact. See [4,5,7] or [11] for these and other
characterizations of (vanishing) Carleson measures.
2.3. Weak convergence theorem
When we deal with compactness of CϕTψ , we need the following result whose proof
follows from an easy modification of that of [4, Proposition 3.11] or [10, p. 29], so we omit
it.
Lemma 2.1. Suppose that CϕTψ is bounded on Dα . Then CϕTψ is compact on Dα if and
only if whenever {fn} is bounded in Dα and fn → 0 uniformly on compact subsets of D
then ‖CϕTψfn‖α → 0.
3. Main results
Let us first note that, for generalψ analytic (not necessarily bounded) onD, the operator
CϕTψ is not bounded on Dα in general. In fact, it is easy to find examples for which CϕTψ
is unbounded on Dα . The goal of this section is to determine conditions for boundedness
and compactness of CϕTψ on Dα . The main ingredient in our analysis to characterizing
those operators is the following lower estimate of the essential norm ‖CϕTψ‖α,e of the
operator CϕTψ on Dα , which is defined to its distance from the space of all compact
operators on Dα . The proof below is a slight modification of that of [8, Claim 2.1]. It
is included for the sake of completeness.
Lemma 3.1. Assume α = 1 or α = 2, and suppose that CϕTψ is bounded on Dα . Then
‖CϕTψ‖2α,e  lim sup|w|→1
∣∣ψ(w)∣∣2 Nϕ,α(w)
(1− |w|)α .
Proof. Assume that CϕTψ is bounded on Dα , and let ka be the family of normalized
reproducing kernels of Dα , as introduced in Section 2.2. These unit vectors ka tend to zero
uniformly on compact subsets of D as |a|→ 1. Thus, if Q is any compact operator on Dα ,
‖Qka‖α → 0 as |a|→ 1.
So, for such Q, we have
‖CϕTψ −Q‖2  lim sup
|a|→1
‖CϕTψka‖2α = lim sup|a|→1
∥∥(ψka) ◦ ϕ∥∥2α. (3.1)
Set ϕ(0)= b. Since (ψka)(b)=ψ(b)(1− |a|2)α/2/(1− a¯b)α → 0 as |a|→ 1,
lim sup
∥∥(ψka) ◦ ϕ∥∥2α = lim sup∥∥(ψka) ◦ ϕ − (ψka)(b)∥∥2α. (3.2)|a|→1 |a|→1
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= ∥∥(ψka) ◦ ϕ− (ψka)(a)∥∥2α − ∣∣(ψka)(a)− (ψka)(b)∣∣2. (3.3)
If we let g = (ψka) ◦ ϕ − (ψka)(a) (this g is a member of Dα by the boundedness of
CϕTψ), and set {zj } = ϕ−1(a), then ϕ(zj )= a and g(zj )= 0 for all j . Now we let Bn(z)=∏n
j=1Gαzj (z), where G
α
a (z) is the contractive zero divisor for Dα given by
Gαa (z)=
1− ( 1−|a|21−a¯z )α
(1− (1− |a|2)α)1/2
for each a ∈ D \ {0}. See [6] for more information on contractive zero divisors. Then we
have g = Bnhn with hn ∈Dα and ‖hn‖α  ‖g‖α ; see, for example, [6] or [8]. It follows
that
∣∣g(0)∣∣2 = ∣∣hn(0)∣∣2∣∣Bn(0)∣∣2  ‖hn‖2α
n∏
j=1
(
1− (1− |zj |2)α)
 ‖g‖2α
n∏
j=1
(
1− (1− |zj |2)α).
Let n→∞, and set Pϕ(a)=∏zj∈ϕ−1(a)(1 − (1 − |zj |2)α) (this product converges since{zj } is a Blaschke sequence). Then∣∣g(0)∣∣2  ‖g‖2αPϕ(a). (3.4)
By (3.3) and (3.4),
∥∥(ψka) ◦ ϕ − (ψka)(a)∥∥2α = ‖g‖2α  |g(0)|2Pϕ(a) =
|(ψka)(b)− (ψka)(a)|2
Pϕ(a)
. (3.5)
Putting estimates (3.1), (3.2) and (3.5) together, we see that
‖CϕTψ −Q‖2  lim sup
|a|→1
∣∣(ψka)(b)− (ψka)(a)∣∣2
(
1
Pϕ(a)
− 1
)
= lim sup
|a|→1
|ψ(a)|2
(1− |a|2)α
(
1
Pϕ(a)
− 1
)
. (3.6)
The equality in the above is obtained by noticing that∣∣(ψka)(b)− (ψka)(a)∣∣2
=
∣∣∣∣ψ(b)(1− |a|2)α/2(1− a¯b)α −ψ(a) 1(1− |a|2)α/2
∣∣∣∣
2
∼ |ψ(a)|
2
(1− |a|2)α as |a|→ 1;
here the notation ∼ means that the ratio of the two quantities tends to one as |a|→ 1.
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1
Pϕ(a)
− 1= exp
(∑
j
log
1
1− (1− |zj |2)α
)
− 1

∑
j
log
1
1− (1− |zj |2)α 
∑
j
(
1− |zj |2
)α
. (3.7)
Thus by (3.6) and (3.7), we have for any compact operator Q
‖CϕTψ −Q‖2  lim sup
|a|→1
|ψ(a)|2
(1− |a|2)α
∑
zj∈ϕ−1(a)
(
1− |zj |2
)α
= lim sup
|a|→1
∣∣ψ(a)∣∣2 Nϕ,α(a)
(1− |a|)α . (3.8)
The last equality is obtained by the fact that (1− x2)∼ 2 log(1/x) as x→ 1, and that the
preimages of a go uniformly to the boundary ofD as |a|→ 1 (this comes from Littlewood’s
inequality, see [4, p. 33]).
Therefore, we conclude that
‖CϕTψ‖2α,e = inf‖CϕTψ −Q‖2  lim sup|a|→1
∣∣ψ(a)∣∣2 Nϕ,α(a)
(1− |a|)α
as desired. ✷
We now use Lemma 3.1 to give a characterization for CϕTψ to be bounded on Dα .
Theorem 3.2. Assume α = 1 or α = 2, and let ϕ be an analytic self-map of D and ψ
analytic on D. Then CϕTψ is bounded on Dα if and only if
(i) |ψ ′|2Nϕ,α dA is a Carleson measure on Dα , and
(ii) sup
w∈D
∣∣ψ(w)∣∣2 Nϕ,α(w)
(1− |w|)α <∞.
Proof. Assume that the two conditions (i) and (ii) hold. By the change-of-variable for-
mula (2.2), we have for any f ∈Dα
‖CϕTψf ‖2α ≈
∣∣(ψf ) ◦ ϕ(0)∣∣2 + ∫
D
∣∣(ψf )′(w)∣∣2Nϕ,α(w)dA(w)

∣∣ψ ◦ ϕ(0)∣∣2∣∣f ◦ ϕ(0)∣∣2 + 2∫
D
∣∣f (w)∣∣2∣∣ψ ′(w)∣∣2Nϕ,α(w)dA(w)
+ 2
∫
D
∣∣f ′(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w).
Using the boundedness of Cϕ on Dα , we easily see that the first term in the above
inequality is at most a constant multiple of |ψ ◦ ϕ(0)|2‖f ‖2α . We see also that the second
term is bounded by some constant times ‖f ‖2α by condition (i).
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sup
w∈D
∣∣ψ(w)∣∣2 Nϕ,α(w)
(1− |w|)α
∫
D
∣∣f ′(w)∣∣2(1− |w|2)α dA(w) C‖f ‖2α,
where C is a constant, independent of f . Therefore CϕTψ is bounded on Dα.
For the converse direction, assume that CϕTψ is bounded on Dα , in other words,
‖CϕTψ‖<∞. Then we have ‖CϕTψ‖α,e <∞ because ‖CϕTψ‖ ‖CϕTψ‖α,e. It follows
from Lemma 3.1 that we get
lim sup
|w|→1
∣∣ψ(w)∣∣2 Nϕ,α(w)
(1− |w|)α <∞.
But this is clearly equivalent to condition (ii).
On the other hand, there is a constant C (in what follows the letter C may not be the
same in different places) such that we have for f ∈Dα
‖CϕTψf ‖2α C
∫
D
∣∣(ψf )′(w)∣∣2Nϕ,α(w)dA(w)
C
{ ∫
D
∣∣f (w)∣∣2∣∣ψ ′(w)∣∣2Nϕ,α(w)dA(w)
−
∫
D
∣∣f ′(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w)
}
C
{ ∫
D
∣∣f (w)∣∣2 dν(w)
− sup
w∈D
∣∣ψ(w)∣∣2 Nϕ,α(w)
(1− |w|)α
∫
D
∣∣f ′(w)∣∣2(1− |w|2)α dA(w)
}
,
where dν(w) = |ψ ′(w)|2Nϕ,α(w)dA(w). Thus by the boundedness of CϕTψ and condi-
tion (ii), we obtain∫
D
∣∣f (w)∣∣2 dν(w) C‖f ‖2α
which, as mentioned in Section 2.2, tells us that dν is a Carleson measure on Dα . This
completes the proof. ✷
One may expect that the “little-oh” version of the growth conditions characterizing
boundedness of CϕTψ would characterize its compactness.
Theorem 3.3. Assume α = 1 or α = 2, and suppose that CϕTψ is bounded on Dα . Then it
is compact on Dα if and only if
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(ii) lim|w|→1
∣∣ψ(w)∣∣2 Nϕ,α(w)
(1− |w|)α = 0.
Proof. Suppose that CϕTψ is compact on Dα . Then condition (ii) follows by the hypothe-
sis and Lemma 3.1.
We now show that condition (i) holds. According to the formula (2.2), there is a positive
constant C such that we have for f ∈Dα
‖CϕTψf ‖2α C
∫
D
∣∣(ψf )′(w)∣∣2Nϕ,α(w)dA(w)
which clearly implies∫
D
∣∣f (w)∣∣2∣∣ψ ′(w)∣∣2Nϕ,α(w)dA(w)
 C
{
‖CϕTψf ‖2α +
∫
D
∣∣f ′(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w)
}
.
In particular, we have by taking f = ka (the normalized reproducing kernel functions
of Dα)∫
D
∣∣ka(w)∣∣2∣∣ψ ′(w)∣∣2Nϕ,α(w)dA(w)
 C
{
‖CϕTψka‖2α +
∫
D
∣∣k′a(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w)
}
. (3.9)
Recall that the unit vectors ka tend to zero uniformly on compact subsets of D as |a|→ 1.
Thus by the compactness of CϕTψ and Lemma 2.1, the first term on the right-hand side
of (3.9) tends to zero as |a|→ 1.
To estimate the second integral, let ε > 0 be given and use condition (ii) to find r ∈ (0,1)
such that∣∣ψ(w)∣∣2Nϕ,α(w) ε(1− |w|2)α (3.10)
for all |w| r .
Now we split the integral into two parts, one over rD and the other over D \ rD.
We can estimate the integral over rD by an easy computation along with an application
of (2.2) with f (z)≡ z as follows:∫
rD
∣∣k′a(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w) (max|w|r
∣∣k′a(w)∣∣∣∣ψ(w)∣∣)2
∫
D
Nϕ,α(w)dA(w)
C
(
max
∣∣k′a(w)∣∣)2(max ∣∣ψ(w)∣∣)2.|w|r |w|r
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{|w| r}.
On the other hand, about the integral over D \ rD, we have by (3.10)∫
D\rD
∣∣k′a(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w) ε
∫
D\rD
(
1− |w|2)α∣∣k′a(w)∣∣2 dA(w)
Cε‖ka‖2α  Cε.
From these estimates on rD and D \ rD, we get
lim sup
|a|→1
∫
D
∣∣k′a(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w) Cε.
Since ε > 0 was arbitrary, this shows that
lim|a|→1
∫
D
∣∣k′a(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w)= 0.
Thus the quantity on the right-hand side of (3.9) tends to zero as |a| → 1, so does the
left-hand side of (3.9). This, by (2.5), gives condition (i).
For the converse direction, assume that conditions (i) and (ii) hold, and let ‖fn‖α  1
and fn → 0 uniformly on compact subsets of D. By Lemma 2.1, to show that CϕTψ is
compact, it is enough to show that ‖CϕTψfn‖α → 0 as n→∞.
By applying the formula (2.2) with f replaced by ψfn we have
‖CϕTψfn‖2α  C
{∣∣(ψfn) ◦ ϕ(0)∣∣2 +
∫
D
∣∣fn(w)∣∣2∣∣ψ ′(w)∣∣2Nϕ,α(w)dA(w)
+
∫
D
∣∣f ′n(w)∣∣2∣∣ψ(w)∣∣2Nϕ,α(w)dA(w)
}
. (3.11)
Obviously, the first term in the braces above tends to zero as n→∞.
Since |ψ ′(w)|2Nϕ,α(w)dA(w) is a vanishing Carleson measure on Dα , it follows from
a characterization of vanishing Carleson measure mentioned in Section 2.2 that the second
term also tends to zero as n→∞.
To finish the proof, it suffices to show that the last integral tends to zero. But it can be
verified by using the argument almost identical to that in the second part of the “only if”
direction of this theorem. So we omit the details. ✷
Remark 1. In [2], Contreras and Hernández-Díaz gave a criterion for boundedness and
compactness of the operator TψCϕ on Hardy spaces Hp (1  p < ∞). Namely, they
proved that TψCϕ is bounded (compact) on Hp if and only if the pullback measure µϕ,ψ,p ,
defined on D by
µϕ,ψ,p(E)= 12π
∫
ϕ−1(E)∩∂D
|ψ|p dθ,
is a Carleson (vanishing Carleson) measure.
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(compactness) of CϕTψ on H 2 is equivalent to the condition that the pullback measure
µ on D defined by µ(E)= ∫E |ψ|2(dθ/2π)◦ϕ−1 is a Carleson (vanishing Carleson) mea-
sure. Thus a Carleson measure criterion (which is different from ours) for CϕTψ to be
bounded or compact on H 2 has already been known in [2].
Remark 2. Applying Theorem 3.3 to the special cases ϕ(z)≡ z or ψ(z)≡ 1, we easily get
the following well known results:
(i) Tψ is compact on Dα if and only if ψ ≡ 0 on D, and
(ii) Cϕ is compact on Dα if and only if
lim|w|→1
Nϕ,α(w)
(1− |w|)α = 0.
In the case of α = 2, the condition above was known to be equivalent to the requirement
lim|z|→1
1− |z|2
1− |ϕ(z)|2 = 0;
see [10, p. 195].
Result (ii) was established by Shapiro ([9] or [10]) for α = 1, and by MacCluer and
Shapiro [7] for α = 2, respectively.
In view of the estimate Nϕ,2(w)=Nϕ,1(w)O(1− |w|2) (|w| → 1), which comes from
the well known fact log(1/|z|)=O(1− |ϕ(z)|2) (|z|→ 1) (see, for example, [10, p. 39]),
we can have the following corollary from Theorems 3.2 and 3.3. The proof is routine and
we leave the details to the reader.
Corollary 3.4. Let ϕ be an analytic self-map of D, and let ψ be analytic on D. If CϕTψ is
bounded (compact, respectively) on H 2, so is CϕTψ on L2a .
However, the converse does not hold (see Example 4.1 below).
In the case when ϕ is univalent, we can also easily deduce the following corollary from
Theorems 3.2 and 3.3.
Corollary 3.5. Assume α = 1 or α = 2, and let ϕ be a univalent analytic self-map of D and
ψ analytic on D. Then CϕTψ is bounded on Dα if and only if
(i) |ψ ′(w)|2(1− |ϕ−1(w)|2)α dA(w) is a Carleson measure on Dα , and
(ii) sup
z∈D
∣∣ψ ◦ ϕ(z)∣∣2( 1− |z|2
1− |ϕ(z)|2
)α
<∞.
Moreover, if CϕTψ is bounded on Dα , then it is compact if and only if the two correspond-
ing little-oh conditions are satisfied.
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In this section, we give some examples of CϕTψ that are bounded or compact on Dα .
Such explicit examples were not displayed in [2].
Example 4.1. Let ψβ(z)= (1− z)−β with β > 0 (Tψβ is not bounded on H 2 nor on L2a),
and let ϕ(z)= 1−√1− z. Then CϕTψβ is bounded on H 2 if and only if β  1/2; more-
over, it is compact on H 2 if and only if β < 1/2.
If H 2 is replaced by L2a , then the parameter β is doubled. That is, CϕTψβ is bounded
(compact, respectively) on L2a if and only if β  1 (β < 1, respectively).
Proof. We prove the assertion only for the Hardy space H 2, since the same proof works for
the Bergman space L2a . Note that ϕ maps the unit disk D univalently into a non-tangential
region with vertex at the point 1. Thus, for |z| 1
1− ∣∣ϕ(z)∣∣2 ≈ ∣∣1− ϕ(z)∣∣= |1− z|1/2. (4.1)
This, along with the fact ψβ ◦ ϕ =ψβ/2, gives
sup
z∈D
∣∣ψβ ◦ ϕ(z)∣∣2 1− |z|21− |ϕ(z)|2 ≈ supz∈D
1− |z|2
|1− z|β+1/2 = 2 sup0<r<1(1− r)
1/2−β
which is finite exactly when β  1/2.
On the other hand, a calculation using (4.1) again yields that the measure |ψ ′β(w)|2(1−|ϕ−1(w)|2) dA(w) is dominated by a constant multiple of
(1− |w|2)2
|1−w|2β+2 dA(w)
which is dominated by
2(1− |w|2)
|1−w|2β+1 dA(w).
The measure in the last is easily seen to be a Carleson measure on H 2 when β  1/2. Thus,
by Corollary 3.5, CϕTψβ is bounded on H 2 if and only if β  1/2.
Same argument can be applied to show that CϕTψβ is compact on H 2 if and only if β <
1/2. Furthermore, for the pairs ψβ and ϕ, it can be shown by considering their mapping
properties used above that CϕTψβ is Hilbert–Schmidt on H 2 if and only if β < 1/2. Indeed,
we see that the Hilbert–Schmidt norm of CϕTψβ on H 2 is computed as follows:
‖CϕTψβ‖2HS =
∞∑
n=0
∥∥CϕTψβ (zn)∥∥2H 2 =
∞∑
n=0
∫
∂D
|ψβ ◦ ϕ|2|ϕn|2 dθ2π
=
∫
∂D
|ψβ ◦ ϕ|2
1− |ϕ|2
dθ
2π
=
∫
∂D
|ψβ/2|2
1− |ϕ|2
dθ
2π
≈
∫
∂D
1
|1− eiθ |β+1/2 dθ.
Therefore the assertion follows since the last integral is finite if and only if β < 1/2. ✷
J.S. Choa, S. Ohno / J. Math. Anal. Appl. 281 (2003) 320–331 331Example 4.2. Let ψ(z) = logβ(1 − z) with β > 0, and let ϕ(z) = 1 − (1 − z)γ with
0 < γ < 1. Then CϕTψ is Hilbert–Schmidt on H 2; in particular, it is compact.
Proof. By the same computation as in the previous example, we see that
‖CϕTψ‖2HS =
∞∑
n=0
∥∥CϕTψ(zn)∥∥2H 2 =
∞∑
n=0
∫
∂D
|ψ ◦ ϕ|2|ϕn|2 dθ
2π
=
∫
∂D
|ψ ◦ ϕ|2
1− |ϕ|2
dθ
2π
≈
∫
∂D
| log(1− eiθ )|2β
|1− eiθ |γ dθ
from which the desired conclusion follows since γ < 1. ✷
Example 4.3. Let ψβ(z)= (1− z)β with β > 1/2, and let ϕ(z)= (z+ 1)/2. Then neither
Tψβ nor Cϕ is compact on H 2, but it is easy to show that CϕTψβ is compact on H 2.
Acknowledgment
The authors thank the anonymous referee for many valuable suggestions and detailed criticisms on this paper.
References
[1] K.R.M. Attele, Multipliers of the range of composition operators, Tokyo J. Math. 15 (1992) 185–198.
[2] M.D. Contreras, A.G. Hernández-Díaz, Weighted composition operators on Hardy spaces, J. Math. Anal.
Appl. 263 (2001) 224–233.
[3] C.C. Cowen, An analytic Toeplitz operator that commutes with a compact operator and related class of
Toeplitz operators, J. Funct. Anal. 36 (1980) 169–184.
[4] C.C. Cowen, B.D. MacCluer, Composition Operators on Spaces of Analytic Functions, CRC Press, Boca
Raton, 1995.
[5] J.B. Garnett, Bounded Analytic Functions, Academic Press, New York, 1981.
[6] H. Hedenmalm, B. Korenblum, K. Zhu, Theory of Bergman Spaces, Springer-Verlag, New York, 2000.
[7] B.D. MacCluer, J.H. Shapiro, Angular derivatives and compact composition operators on the Hardy and
Bergman spaces, Canad. J. Math. 38 (1986) 878–906.
[8] P. Poggi-Corradini, The essential norm of composition operators revisited, Contemp. Math. 213 (1998) 167–
173.
[9] J.H. Shapiro, The essential norm of a composition operator, Ann. of Math. 125 (1987) 375–404.
[10] J.H. Shapiro, Composition Operators and Classical Function Theory, Springer-Verlag, New York, 1993.
[11] K.H. Zhu, Operator Theory in Function Spaces, Dekker, New York, 1990.
